Abstract. Nakajima introduced a certain set of monomials characterizing the irreducible highest weight crystals. The monomial set can be extended so that it contains B(∞) in addition to B(λ). We give explicit new realizations of the crystals B(∞) and B(λ) over special linear Lie algebras.
Introduction
While studying the structure of quiver varieties, Nakajima discovered that one can define a crystal structure on the set of irreducible components of a certain Lagrangian subvariety of a quiver variety [11] . In [12], Nakajima gave an identification of these irreducible components with certain monomials, and under this identification, the action of Kashiwara operators can be interpreted as multiplication by monomials. Motivated by this work, a crystal structure on the set of monomials was given in [6, 12] . It was also shown in this work that the connected component of the monomial set containing a highest weight vector of dominant integral weight is isomorphic to an irreducible highest weight crystal. The task of finding an explicit monomial description of the connected component containing a highest weight vector was a natural next step and this was done for all classical finite types and for the affine type A (1) n in [4, 5, 9] . In our recent work [10] , to give a realization of crystal base B(∞) for the negative part U − q (g) of the quantized enveloping algebra for all symmetrizable Kac-Moody algebra g in the monomial language, the set of extended monomials was introduced.
Various realizations of this crystal B(∞) has appeared so far. Kashiwara and Saito gave a geometric realization in [8] for any symmetrizable Kac-Moody algebra, and Saito extended their idea to the crystal B(λ) in [14] . There are combinatorial approaches to B(∞), such as, Littelmann's path realization given for any symmetrizable Kac-Moody algebras, Cliff's Young tableau realization [1] given for all classical finite types, and Nakashima, Zelevinski's polyhedral realization [13] for A n , A (1) n , and all rank 2 Kac-Moody cases. There is also a realization of crystal B(∞) in terms of matrices for special linear Lie algebras given by Saito [15] , which plays a crucial role in the present work. This work is based on Kashiwara-Nakashima's studies on crystal basis for classical Lie algebras [7] .
In [10] , we gave a new realization for the crystal B(∞) for the affine caseŝl n+1 , in the language of extended Nakajima's monomials and Young walls. Using the same tool, this work also covered the irreducible highest weight crystal B(λ) in addition to B(∞).
Starting from a theorem of Kashiwara and Nakajima on the crystal structure of monomials, we can argue that it is not possible to find the crystal B(∞) within the set of Nakajima's monomials with their given crystal structure. Hence we constructed the set of extended monomials and developed a crystal structure on it. Actually, the set of Nakajima's monomials can be embedded as a subcrystal in this set of extended Nakajima's monomials. Thus, the monomial theory developed for irreducible highest weight crystal B(λ) can easily be transferred to the extended monomial set. We also gave a conjecture characterizing B(∞) within the set of extended monomials. Results for B(∞) of A (1) n -type was given as evidence supporting our conjecture.
In the present paper, we restrict ourselves to the finite type A n case. Our first contribution is an explicit description of the crystal B(∞) in terms of extended Nakajima's monomials. This is done by relating it to the matrix realization of Saito. The second contribution of this paper is a realization of the irreducible highest weight crystal B(λ) for any dominant integral weight λ in terms of extended Nakajima's monomials. The Young tableau realization of Kashiwara and Nakashima was crucial for this part. Another realization of B(λ) may be found in [4] , but unlike this work, there is a immediate correspondence between our realization and the semi-standard tableau realization.
In the process of obtaining these results, we give new expressions for the Kashiwara operators acting on the extended Nakajima's monomials, more appropriate for the situation in hand. Our results for B(∞) of A n -type is one more evidence supporting the conjecture given in [10] .
Our paper is organized as follows. We first review the notion of extended Nakajima's monomials and the crystal structure given on the set of such monomials. Next, we cite Saito's matrix expression of crystal B(∞) which play a crucial role in our work. We then proceed to give a monomial realization of the crystal B(∞) and the irreducible highest weight crystal B(λ), for A n -type.
We remark that the method used in this paper can be adapted to obtain realization of crystal B(λ) for all other classical finite types. The result is different from those given in [5] , and will have immediate correspondence with the tableau realization of Kashiwara and Nakashima.
• wt : weight.
•f i ,ẽ i : Kashiwara operators.
• B(λ) : irreducible highest weight crystal of highest weight λ.
• B(∞) : crystal base of U − q (sl n+1 ). We now recall the set of monomials and its crystal structure discovered by Nakajima [12] and also recall their extension introduced in [10] . Both of these sets were defined for all symmetrizable Kac-Moody algebras, but we shall restrict ourselves to the sl n+1 case in this paper. Our exposition of the crystal structure on Nakajima's monomials follows that of Kashiwara [6] .
Let M be the set of monomials in the variables Y i (m) (i ∈ I, m ∈ Z).
Fix any set of integers c = (c ij ) i =j∈I such that
and set
hj ,αi .
The crystal structure on M is defined as follows. For every monomial M =
These Kashiwara operators, together with the maps ϕ i , ε i (i ∈ I), wt, define a crystal structure on the set M [6, 12] . Theorem 2.1. ( [6] ) Let M be a monomial of weight λ such thatẽ i (M ) = 0 for all i ∈ I, and let M(λ) be the connected component of M containing M . Then there exists a crystal isomorphism
where v λ is the highest weight vector with highest weight λ.
Extended monomials and the crystal structure on the set of such elements was introduced in [10] . Let M E be the set of extended monomials in the variables
We give the lexicographic order to the set Z × Z of variable exponents. Fix any set of integers c = (c ij ) i =j∈I such that (2.13) c ij + c ji = 1, and set (2.14)
The crystal structure on M E is defined as follows. For every monomial M =
Notice that the coefficients ofwt(M ) are pairs of integers. In this setting, we havẽ
(0,1) has the weight Λ i , and so A i (m) has the weight α i . We define the action of Kashiwara operators bỹ
The Kashiwara operators, together with the maps ϕ i , ε i (i ∈ I), wt, define a crystal structure on the set M E [10] .
Remark 2.2. One of the differences between the crystal structures on M and M E is that the values of ε i , and ϕ i on elements of M E can be negative integers, unlike the case with monomials of M. This fact opens up the possibility of describing crystal B(∞) as a subcrystal of M E . We would also like to mention that, M can be treated as a subcrystal of
Viewing M as a subcrystal of M E , as mentioned in the above remark, we obtain the following statement.
In the final section, we will give a concrete listing of elements belonging to the connected component containing a highest weight vector M ∈ M E of dominant integral weight mentioned in the above theorem, for the case of sl n+1 . This means that we have a realization of the irreducible highest weight crystal for A n -type, in terms of extended monomials.
The following is a conjecture about the crystal B(∞) over all symmetrizable Kac-Moody algebras introduced in [10] . Its converse is known to be true [10] .
In [10] , result for B(∞) of affine type A (1) n was given as evidence supporting this conjecture. In the next section, we give a realization of the crystal B(∞) for finite type A n , in terms of extended monomials. This is another result supporting the above conjecture.
The next theorem gives realizations of crystals B(∞) and B(λ) for sl n+1 obtained by Saito [15] and Kashiwara and Nakashima [7] , respectively. Using these, we shall show that the sets of monomials satisfying some appropriate conditions give new realizations of B(∞) and B(λ). For reasons which will become clear later, the (i, j)-entry t ij of matrix t will be written as b (1) The set of n × n upper triangular matrices of nonnegative integer entries
. . .
The maps defining the crystal structure on T (∞) are given below. For
the action of the Kashiwara operatorsẽ i ,f i on T (∞) are given by as follows.
(a) Consider the following ordered sequence of entries from the (i − 1)th and ith columns of t Here, E ij denotes the n × n elementary matrix whose (i, j)-entry is one and all other entries are zero. The remaining maps describing the crystal structure on T (∞) are given below.
(2) For the sl n+1 case, the irreducible highest weight crystal B(λ) is isomorphic to the set S(λ) of semi-standard tableaux of λ-shape, for λ ∈ P + .
Extended monomial description of B(∞) for sl n+1
We give a new realization of the crystal B(∞), for A n -type, in terms of extended monomials.
For simplicity, from now on, we take the set C = (c ij ) i =j to be
Then for i ∈ I and m ∈ Z, we have
Here, we are setting
Definition 3.1. Consider elements of M E having the form
with the conditions
We denote by M(∞) the set of all monomials of these form and by M ∞ the monomial of (3.4).
Proof. It suffices to show that the action of Kashiwara operators (2.21) and (2.22) on M E satisfy the following properties :
For each i ∈ I and a monomial
we havef
By easy computation, we can show that this monomial is an element of M(∞).
As forẽ i , in the caseε i (M ) = (0, 0) we haveẽ i M = 0 and ifε i (M ) > (0, 0), we haveẽ
As withf i , we can show that this belongs to M(∞).
Actually, from the crystal structure of M E we can obtain more general results.
Definition 3.3. Fix any set of positive integers p i and any integer r. Consider elements of M E having the form
and satisfying the same condition given to (3.3) . In case of a j i = 0 for all i, j, we have
We denote by M(p 0 , . . . , p n ; r; ∞) the set of all monomials of these form and by M (p0,...,pn;r;∞) the monomial of (3.8).
The set M(∞) is a special case of this set M(p 0 , . . . , p n ; r; ∞) which is r = 0 and p i = 1 for all i ∈ I.
Proof. First, we define a canonical map φ : M(∞) → M(p 0 , . . . , p n ; r; ∞) by setting
is mapped onto the vector M (p0,...,pn;r;∞) . It is obvious that this map φ is well-defined and that it is actually bijective.
The outputs of the functions wt, ϕ i , and ε i , defined in (2.18), (2.19), and (2.20) do not depend on r or on any fixed positive integers p i . The values m f and m e determining Kashiwara actions do not depend on p i 's, but they do depend on r. Thus, for fixed i ∈ I, the value m f (or m e ) for the monomial φ(M ) is r − m when m f (resp. m e ) for a monomial M is −m. Hence if the monomialf i M (or
. That is, for any monomial M ∈ M(∞), applying Kashiwara operatorsf i andẽ i to φ(M ) ∈ M(p 0 , . . . , p n ; r; ∞) results in φ(f i M ) and φ(ẽ i M ), respectively. Also note that φ(f i M ), φ(ẽ i M ) ∈ M(p 0 , . . . , p n ; r; ∞). This means that the set M(p 0 , . . . , p n ; r; ∞) forms a U q (sl n+1 )-subcrystal of M E . It also means that the map φ commutes with the Kashiwara operators. Other parts of the proof are similar or easy.
Hence, the set M(p 0 , . . . , p n ; r; ∞) forms a subcrystal of M E isomorphic to M(∞) as a U q (sl n+1 )-crystal.
Remark 3.5. Sinceε i (M ∞ ) = (0, 0) for all i ∈ I, we haveẽ i (M ∞ ) = 0 for all i ∈ I. Andwt(M ∞ ) = i∈I (1, 0)Λ i , so we have wt(M ∞ ) = 0. Note that M ∞ satisfy the condition for a monomial M mentioned in the conjecture.
The monomial M (p0,··· ,pn;r;∞) withwt(M (p0,··· ,pn;r;∞) ) = i∈I (p i , 0)Λ i , satisfy also the condition for a monomial M mentioned in the conjecture. 
(1,1)
(1,−1)
We now introduce new expressions for elements of M(∞). These expressions allow us to relate monomials to matrices in T (∞) naturally. First, we introduce the following notation. 
Here, we set
Remark 3.9. Using the above notation, we may write
This is very useful when computing Kashiwara action on monomials written in terms of
Proposition 3.10. Consider elements of M E having the form
where b i k ≥ 0 for all k, i. Each element of M(∞) may be written uniquely in this form. Conversely, any element of this form is an element of M(∞).
Proof. Given any monomial
, through simple computation, we can obtain the expression (3.12)
, we obtain the form given in (3.11).
Conversely, given any monomial of the form (3.11), we have (3.13)
It is now straightforward to check that M ∈ M(∞). We have thus shown that M(∞) consists of elements of the form (3.11). The uniqueness part may be proved through simple computation.
Remark 3.11. As in the above proposition, we can show that each element of M(p 0 , . . . , p n ; r; ∞) may also be written uniquely in this form
where b i k ≥ 0 for all k, i. Conversely, any element in M E of this form is an element of M(p 0 , . . . , p n ; r; ∞).
We believe the readers can easily write down the process for change of variable similar to that given by (3.12) and (3.13) for M(p 0 , · · · , p n ; r; ∞).
Remark 3.12. The monomial of (3.14) is the element of M(p 0 , · · · , p n ; r; ∞) corresponded to the monomial (3.11) of M(∞) under the natural isomorphism φ mentioned in the proof of Proposition 3.4. Now, we translate the Kashiwara actions (2.21), (2.22) on M(∞) for A n -type into a form suitable for the new expression. It is possible to do this also for the case M(p 0 , · · · , p n ; r; ∞).
Lemma 3.13. The Kashiwara operator actions on crystals M(∞) may be rewritten as given below for elements
in the case of A n .
(1) For each i ∈ I, consider the following finite ordered sequence of some components of M corresponds to the left-most 0 of the i-signature of
if no 0 remains.
Proof. First, we need to show that the action of Kashiwara operators on M(∞) is well-defined. If the i-signature of M contains no 0, Given a monomial M ∈ M(∞), we can express it in the following two forms.
. . . 
Now, we will show that M(∞) is a new realization of B(∞) by giving a crystal isomorphism. Recall that the set T (∞) gives a realization of the crystal B(∞)(see Theorem 2.4).
Here is one of our main realization theorem.
Theorem 3.15. There exists a U q (sl n+1 )-crystal isomorphism
Proof. We define a canonical map Φ : M(∞) → T (∞) by setting
. It is obvious that this map Φ is well-defined and that it is actually bijective.
The action of Kashiwara operators on M(∞) given in Lemma 3.13 follows the process for defining it on T (∞). Hence, the map Φ naturally commutes with the Kashiwara operatorsf i andẽ i . Other parts of the proof are similar or easy.
Remark 3.16. From Proposition 3.4 and Theorem 3.15, we can conclude that the crystal M(p 0 , · · · , p n ; r; ∞) is also U q (sl n+1 )-crystal isomorphic to B(∞).
Example 3.17. We illustrate the correspondence between M(∞) and T (∞) for type A 3 . A monomial of M(∞)
can also be expressed as
by (3.12). Hence we have following matrix as the image of M under Φ. 
Remark 3.18. Note that Remark 3.5 and Remark 3.16 provide evidence supporting the conjecture, for the A n case.
Extended monomial description of B(λ) for sl n+1
We give a new realization of the crystal B(λ), for A n -type, in terms of monomials. We fix λ = l 1 Λ 1 +l 2 Λ 2 +· · ·+l n Λ n ∈ P + .
Definition 4.1. Consider elements of M E having the form
and satisfying the following conditions 
We denote by M(λ) the set of all monomials of these form and by M λ the monomial of (4.2).
By method similar to that used with Proposition 3.2, we obtain the following result.
From the crystal structure of M E we obtain more general results as with the M(∞) case. 
satisfying the same condition given to (4.1). In the case of a j i = 0 for all i > j, we have
We denote by M(r; λ) the set of all monomials of this form and by M (r;λ) the monomial of (4.4).
The set M(λ) is a special case of the set M(r; λ) corresponding to r = 0. We define a canonical map ψ : M(λ) → M(r; λ) by setting
Note that the monomial M λ of M(λ) is mapped onto the vector M (r;λ) . It is obvious that this map ψ is well-defined and that it is actually bijective. By method similar to the proof of Proposition 3.4 which dealt with the M(p 0 , . . . , p n ; r; ∞) case, we obtain the following result.
Remark 4.5. Sinceε i (M λ ) = (0, 0) for all i ∈ I, we haveẽ i (M λ ) = 0 for all i ∈ I. Andwt(M λ ) = i∈I (0, l i )Λ i , and so we have wt(M λ ) = λ. Note that M λ satisfy the condition for a monomial M mentioned in Theorem 2.3.
The monomial M (r;λ) withwt(M (r;λ) ) = i∈I (0, l i )Λ i also satisfy the condition for the monomial M mentioned in Theorem 2.3. Example 4.6. Following is the crystal M(Λ 1 + Λ 2 ) for type A 2 .
We now introduce new expressions for elements of M(λ). These expressions allow us to relate monomials to semi-standard tableaux naturally.
Proposition 4.7. Consider elements of M E having the form
satisfying the following conditions
Each element of M(λ) may be written uniquely in this form. Conversely, any element of this form is an element of M(λ).
Proof. Given any monomial
, through simple computation, we can obtain the expression (4.7)
Since M ∈ M(λ), from the conditions a Conversely, given any monomial of the form (4.6), we have (4.8)
. . . It is now straightforward to check that M ∈ M(λ). We have thus shown that M(λ) consists of elements of the form (4.6).
The uniqueness part may be proved through simple computation. subject to the same conditions given to (4.6). Conversely, any element of this form is an element of M(r; λ). The monomial of (4.9) is the element of M(r; λ) corresponding to the monomial (4.6) of M(λ) under the natural isomorphism ψ mentioned in Proposition 4.4. Now, we translate the Kashiwara actions (2.21) and (2.22) on M(λ) for A n -type into a form suitable for the new expression. It is possible to do this also for the case M(r; λ). k -many k-blocks for i ≤ k ≤ n + 1. It is obvious that this map Ψ is well-defined and that it is actually bijective.
The action of Kashiwara operators on the new expressions for elements of M(λ) given in Lemma 4.9 follows the process for defining it on semi-standard tableaux. Hence the map Ψ naturally commutes with the Kashiwara operatorsf i andẽ i . Other parts of the proof are similar or easy. Thus the map Ψ is a crystal isomorphism of M(λ) and S(λ).
